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INTRODUCTION 

The research  e f f o r t  covered by t h i s  r e p o r t  has been 
d i r e c t e d  towards providing a more thorough understanding 
of  t h e  p o s s i b i l i t i e s  and l i m i t a t i o n s  of u t i l i z i n g  feedback 
te lemet ry  systems t o  minimize t h e  requi red  spacec ra f t  
power supply energy. 

A survey o f  t h e  p e r t i n e n t  l i t e r a t u r e  concerning feed- 
back communication systems i s  given. None of these papers 
cons ider  the  f e a s i b i l i t y  of a t r adeof f  between spacec ra f t  
energy and e r r o r  p robab i l i t y .  The assignment of l o s s  ( o r  
c o s t )  func t ions  t o  both t h e  expended energy and t h e  probab- 
i l i t y  of e r r o r  permi ts  system opt imiza t ion  t o  be reduced 
t o  a minimization of t h e  expected value of t he  o v e r a l l  
l o s s  func t ion .  A brief desc r ip t ion  of p o t e n t i a l  loss 
func t ions  i s  included. 

The e r r o r  p r o b a b i l i t y  f o r  a phase coherent s equen t i a l  
d e t e c t i o n  feedback te lemetry system i s  ca l cu la t ed  and t h e  
optimum word l eng th  f o r  a memoryless feedback system is  
a l s o  presented.  Also, t h e  performance of a t runcated 
( f i n i t e  maximum number of re t ransmiss ions)  memoryless 
feedback system i s  determined and the  reduct ion  i n  t h e  
requi red  energy i s  ca l cu la t ed  f o r  a t y p i c a l  system. 
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BACKGROUND 

Schwartz, Harr i s ,  Metzner, Morgan, Hauptschein, and 
Chang have w r i t t e n  a series of i n t e r r e l a t e d  papers inves-  
t i g a t i n g  the use of feedback i n  communication systems. 
(Much of the conten t  of  these papers i s  summarized i n  
Chapter 10 of L.S. Schwartz 's  book12.) They c l a s s i f y  feed- 
back communication systems i n t o  two broad a reas  a s  follows: 

1) Decision feedback: E i t h e r  a null-zone dec i s ion  
system o r  an e r r o r  d e t e c t i n g  code i s  used w i t h  
the r e s u l t  t h a t  the r e c e i v e r  decides  whether 
o r  no t  t h e  message should be r e t r ansmi t t ed .  

2) Information feedback: The r e c e i v e r  decodes the 
message and sends  t h e  decoded message back t o  
the t r a n s m i t t e r  v i a  a feedback path.  The t r a n s -  
mit ter  then decides  whether o r  no t  the  message 
was received c o r r e c t l y  and proceeds accordingly.  

These au thors  t r e a t  b ina ry  t ransmission us ing  n u l l -  
zone r ecep t ion  techniques.  The null-zone r e c e i v e r  uses  two 
th re sho lds  and demands t h a t  a message be repeated only i f  
the rece ived  message falls i n  the null-zone. I n  t h i s  type 
of feedback system t h e  p r o b a b i l i t y  of making an e r r o r  i n  
r e c e p t i o n  i s  made smal le r  by inc reas ing  t h e  null-zone th re sh -  
o lds ,  bu t  t h i s  i s  done a t  t he  expense of decreased informa- 
t i o n  r a t e .  
SNR of  6 db a non-feedback system w i l l  have an information 
r a t e  of 0.84 and an e r r o r  p r o b a b i l i t y  of 0.06, while  a 
nul l -zone feedback system ad jus t ed  f o r  optimum r a t e  has an 
information r a t e  of 4 percent  h igher  and an e r r o r  p r o b a b i l i t y  
of 0.01. 

For example, according t o  Schwartz12, w i t h  a 
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T h i s  group of authors  a l s o  considered t h e  problem of 

minimizing t h e  average t ransmission time ( f o r  s p e c i f i e d  
e r r o r  p r o b a b i l i t y )  by a d j u s t i n g  t h e  null-zone thresholds  
on subsequent t ransmissions of a repeated message, ob- 
t a i n i n g  t h e  r e s u l t  t h a t  the uniform-null ,  non-truncated 
system I s  optimum. They a l s o  show t h a t  f o r  t runca ted  
d i sca rd ing  decision-feedback systems an optimum procedure 
exis ts  f o r  a d j u s t i n g  the  nul l -zone l e v e l s  on subsequent 
t ransmissions;  however, t h e  improvement i n  the e r r o r  
p r o b a b i l i t y  i s  smal l  and, t he re fo re ,  nonuniform a d j u s t -  
ment of the  th re sho lds  i n  t runca ted  systems is not  
recommended. 

The e f f e c t s  of cumulative dec i s ion  feedback ( s e q u e n t i a l  
d e t e c t i o n  - the  t r a n s m i t t e r  keeps r epea t ing  t h e  t ransmi t ted  
message u n t i l  t h e  r e c e i v e r  i n d i c a t e s  the message i s  no 
longer  ambiguous) t o  combat "fast-fading" i n  smaller-mult i -  
pa th  r ecep t ion  was inves t iga t ed  by Chang e t  a 1  , assuming 
t h e  SNR was Raleigh d i s t r i b u t e d  and t h e  no i se  a d d i t i v e  
Gaussian. They show, f o r  ins tance ,  t h a t  f o r  SNR = 0 db and 

Pe = 
than t h e  d i sca rd ing  dec is ion  feedback system by a f a c t o r  
of about 18 w i t h  r e spec t  t o  normalized t ransmission time. 

1 

t h e  cumulative dec i s ion  feedback system i s  be t te r  

Metzner and Morgan8 cons ider  us ing  feedback toge the r  
w i t h  long code groups. 
r a t h e r  than concent ra t ing  exc lus ive ly  on e r r o r  c o r r e c t i o n  
a reduct ion  i n  e r r o r  p r o b a b i l i t y  of s e v e r a l  o rders  of 
magnitude i s  achieved w h i l e  only s l i g h t l y  inc reas ing  the 
t ransmission time. The codes used a r e  Hamming codes. 

By emphasizing e r r o r  d e t e c t i o n  

Information feedback systems allow i n c o r r e c t l y  de-  

coded messages t o  be subsequently co r rec t ed  s i n c e  the 



4 

c 

t r a n s m i t t e r  knows when e r r o r s  a r e  made. 
a s i n g l e  e r r o r  c o r r e c t i n g  procedure ( i t e r a t i v e  d i sca rd ing )  
based on t h e  a b i l i t y  t o  t ransmi t  an e ra su re  symbol. 
Schwartz claims t h a t  information feedback is  b e t t e r  than 
d e c i s i o n  feedback provided t h e  SNR i s  about 3 db o r  
g r e a t e r ,  while dec i s ion  feedback i s  bet ter  f o r  small  s i g n a l -  
to -noise  r a t i o s ,  t h e r e  being a sharp  threshold  e f f e c t .  
A bet te r  information r a t e  than t h a t  ob ta inable  wi th  

i t e r a t i v e  d i sca rd ing  ( e r r o r s  a r e  immediately co r rec t ed )  i s  
ob ta inab le  by having the  t r a n s m i t t e r  t r ansmi t  synchronous 
e r r o r  messages c o n s i s t i n g  of coded e r r o r  p o s i t i o n s  and 
c o r r e c t i o n s .  Also, t runca t ion  problems may a r i s e  i n  f i n i t e  
memory information feedback systems due t o  t he  p o s s i b i l i t y  
o f  long de lays  before  a message i s  c o r r e c t l y  received.  
Har r i s ,  Morgan, Hauptschein, and Schwartz compare i n f o r -  
mation and dec i s ion  feedback systems (two b i t s  pe r  word) 
f o r  SNR's of 0 and 6 db and f o r  d i f f e r e n t  t runca t ion  lengths .  
The da t a  is  exhib i ted  by p l o t t i n g  e r r o r  p r o b a b i l i t i e s  
versus  average normalized t ransmission t imes.  

Chang2 desc r ibes  

4 

Turin,  i n  two papers 14' 15, obtained a p a r t i a l  s o l u t i o n  
t o  t h e  problem of s i g n a l  design f o r  b inary  s i g n a l s  corrupted 
by a d d i t i v e  white Gaussian no i se  i n  the  forward channel by 
u s i n g  information feedback. The feedback q u a n t i t y  (using 
a n o i s e l e s s  d e l a y l e s s  channel) was t h e  a p o s t e r i o r i  un- 
c e r t a i n t y  func t ion .  Sequent ia l  and non-sequential  ( f ixed  
t ransmiss ion  time) d e t e c t i o n  were considered, and f o r  a 
f i x e d  e r r o r  p r o b a b i l i t y  t h e  t ransmission t i m e  was minimized. 
The c l a s s  of b inary  s i g n a l s  considered was of the  form 
S + ( t )  = t U + ( y ) o ( t ) ,  where y i s  the unce r t a in ty .  Exact 
s o l u t i o n s  were obtained f o r  t h e  two cases  where the  r a t i o  
of peak-to-average power was zero and un i ty .  
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Horstein7 extends T u r i n ' s  a n a l y s i s  by cons ider ing  

Viterbi lG has inves t iga t ed  b inary  and M-ary con t in -  

a r b i t r a r y  peak-to-average power r a t i o s .  

uous s e q u e n t i a l  decisionfkedback systems over t h e  Gaussian 
channel. For t h e  b inary  case  t h e  t r a n s m i t t e r  uses  PSK w i t h  
s i n u s o i d a l  waveforms, and f o r  t h e  M-ary case  FSK s i n u s o i d a l  
s i g n a l s  a r e  used. For t h e  b inary  case  t h e  SNR may be re- 
duced by a f a c t o r  of four  a t  low SNR's compared t o  t h a t  of 
a non-feedback channel opera t ing  a t  t he  same e r r o r  pro- 
b a b i l i t y  and r a t e .  

I n  t he  M-ary case  the improved performance exhibited 
by the  s e q u e n t i a l  dec is ion  system compared t o  the non- 
s e q u e n t i a l  system i s  expressed i n  t h e  exponent of t h e  e r r o r  
bound. 

- 
'e - 

'e - 
- 

Kpl-(Cfl)ff w i t h  feedback and 

K l M - ( c f l ) a  ' without feedback 

where E i s  average r a t e  of t r ansmiss ion . ( In  s e q u e n t i a l  
d e t e c t i o n  t h e  time t o  t ransmi t  each s i g n a l  is  a random 
v a r i a b l e ) .  
f o u r  while  E/C v a r i e s  between one-fourth and one. 

V i t e r b i  shows t h a t  5 ranges between two and 
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LOSS FUNCTIONS 

I n  analyzing feedback communication systems t h e  
primary i n t e r e s t  of most i n v e s t i g a t o r s  has  been i n  minimizing 
the p r o b a b i l i t y  of e r r o r .  I n  more r e a l i s t i c  s i t u a t i o n s  one 
i s  a l s o  i n t e r e s t e d  i n  minimizing t h e  energy used i n  t r a n s -  
mission by t h e  s a t e l l i t e  and i n  maximizing t h e  information 
r a t e .  These a r e  a l l  c o n f l i c t i n g  requirements s o  t h a t  i n  
a c t u a l  systems a compromise has t o  be made according t o  
t h e  d e s i g n e r ' s  a p r i o r i  knowledge of the c o s t  o r  loss due 
t o  an e r r o r ,  t h e  energy used,  o r  t h e  information r a t e .  
To f ormulate t h e  problem mathematically, a loss func t ion  
conforming t o  t h i s  a p r i o r i  knowledge w i l l  be def ined  and 
designated a s  L(pe ,  E, r) where pe i s  the  p r o b a b i l i t y  of 
e r r o r ,  E i s  the  energy used and r i s  t h e  information r a t e .  
Having chosen a loss funct ion it w i l l  then be poss ib l e  t o  
determine the parameters of any given system t o  minimize 
the expected loss. I n  addi t ion ,  d i f f e r e n t  systems can be 
compared i n  terms of  t h e i r  expected l o s s .  

B a s i c a l l y  there a r e  two gene ra l  types  of feedback 
communication systems: dec is ion  feedback systems and i n f o r -  
mation feedback systems. I n  dec i s ion  feedback schemes t h e  

ground r e c e i v e r  examines t h e  received s i g n a l  and decides  
whether t o  accept  i t  a s  c o r r e c t  or r e j e c t  i t  and a sk  the 
s a t e l l i t e  t o  r e t r ansmi t .  T h i s  dec i s ion  can be based, for 
example, on the  use  of an e r r o r  d e t e c t i n g  code, knowledge 
of t he  s igna l - to -no i se  r a t i o  a t  t h e  r ece ive r ,  o r  by com- 
pa r i son  of t h e  received s i g n a l  with a pred ic ted  s i g n a l .  
I n  information feedback schemes t h e  received s i g n a l  o r  
some c h a r a c t e r i z a t i o n  of t h e  received s i g n a l  i s  r e t r a n s -  
mi t ted  t o  t h e  s a t e l l i t e .  The s a t e l l i t e  then decides  what 

I 

+. 
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course of a c t i o n  t o  take .  Decision feedback has the advan- 
t a g e  t h a t  t h e  r e c e i v e r  s p e c i f i e s  t h e  t ransmission format. 
I n  information feedback the  r e c e i v e r  must e s t ima te  t h e  
format from t h e  rece ived  s i g n a l ,  thus  in t roducing  a d d i t i o n a l  
p r o b a b i l i t y  of e r r o r .  

An i n v e s t i g a t i o n  i s  p r e s e n t l y  being conducted t o  
determine an optimum c l a s s  of l o s s  func t ions .  The fol lowing 
dec i s ion  feedback scheme i s  given a s  an example. 

The grour,d r e c e i v e r  e s t ima tes  t h e  s igna l - to-noise  
r a t i o  and on t h i s  b a s i s  reques ts  t h a t  t h e  s a t e l l i t e  r e t r a n s -  
m i t  t h e  message. Assume t h a t  the message i s  t ransmi t ted  
k times. It w i l l  a l s o  be assumed t h a t  t h e  energy f o r  
t ransmiss ion  of a one is  the  same a s  f o r  a zero.  Therefore,  
t h e  energy used i n  t ransmission would be STk where S i s  
t h e  average s i g n a l  power and T is  the message length .  The 
r e c e i v e r  w i l l  be assumed t o  be a maximum l ike l ihood  re-  
ce ive r ,  and the  cases  of both s e q u e n t i a l  and nonsequent ia l  
d e t e c t i o n  w i l l  be i nves t iga t ed .  As a f i r s t  step the loss 
func t ion  could be chosen a s  L(pe,  E)  = A pe + STk where 
A i s  an a r b i t r a r y  cons tan t .  

A more s o p h i s t i c a t e d  l o s s  func t ion  i s  given by: 

where E i s  t h e  expected number of t r a n s -  L/n L =  
(l-P,% 

missions,  i s  the  maximum al lowable number of t ransmissions,  
n is  the number of b i t s  per word, pe i s  t h e  word e r r o r  
p r o b a b i l i t y ,  and p i s  t h e  r a t i o  of energy p e r  b i t  t o  no ise  
power s p e c t r a l  dens i ty .  An even bet ter  loss func t ion  would 
depend on the energy remaining i n  the  s a t e l l i t e ' s  b a t t e r y  
r a t h e r  than  the  cumulative energy used. For example, i f  

Eo i s  the  i n i t i a l  b a t t e r y  energy, p ( t )  i s  the  power suppl ied 
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I , '  * .  

t o  the  b a t t e r y  from the  s o l a r  c e l l s ,  and s ( t )  i s  t h e  
s i g n a l  power, then t h e  remaining energy E, i s  

A formulat ion o f  t h i s  type would allow one t o  choose s ( t )  
t o  optimize t h e  performance when the s a t e l l i t e  i s  encounter- 
i n g  per iods  of both l i g h t  and darkness.  
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ERROR PROBABILITY FOR FEEDBACK SYSTEM 
EMPLOYING SEWENTIAL DETECTION 

Consider t he  c a l c u l a t i o n  of the e r r o r  p r o b a b i l i t y  
f o r  a s e q u e n t i a l  de t ec t ion  phase coherent  system employing 
feedback i n  which n b i t s  of information a r e  s e n t  over a 
Gaussian channel us ing  2” or thogonal  s i g n a l s  of  du ra t ion  A. 
A t  the  end of A seconds the  r e c e i v e r  dec ides  which message 
was s e n t  and r e l a y s  t h e  dec i s ion  back t o  the  t r a n s m i t t e r  
u s ing  a n o i s e l e s s  (i. e. ,  e r r o r  free) feedback channel. The 
t r a n s m i t t e r  then sends a confirm s i g n a l  i f  t h e  c o r r e c t  
d e c i s i o n  was made and otherwise sends a r e j e c t  s i g n a l  followed 
by a r e t r ansmiss ion  of t he  e n t i r e  message, again t ak ing  
A seconds t o  do so.  The p r o b a b i l i t y  of an e r r o r  a f t e r  
the f i r s t  t ransmiss ion  i s  

2”-1 dx 
f ( Y )  dYl y W 0  

p e, = 1-21 f (x -E) S c -m 
I 

where E, = energy i n  each of  the orthogonal s i g n a l s  and 

It is  customary t o  use  B a s  t h e  independent va r i ab le .  

1 Es S A  ST 
(,> = - 

No NO NO 
p = - - = -  

S = average power = - h 
1 

T h i s  is  done t o  provide a means of comparison between 
or thogonal  systems wi th  d i f f e r e n t  va lues  of n. 

T = time pe r  b i t  = ,A. 



10 

Suppose a f t e r  the f irst  t ransmiss ion  an e r r o r  i s  
made and t h e  t r a n s m i t t e r  r e t r ansmi t s  the  s i g n a l  a f t e r  v e r i f i -  
c a t i o n  of t h e  e r r o r .  
t ransmission of t h e  s i g n a l  prev ious ly  decoded and does 
n o t  in any way e f f e c t  the  r e l a t i v e  ( t o  each o t h e r )  probab- 
i l i t i e s  of  the  remaining 2"-1 choices .  Therefore,  t h e  

T h i s  e l imina te s  the p o s s i b i l i t y  of 

e r r o r  p r o b a b i l i t y  is now: 
+= x/wo 

= 1 -1 f (x-  ys ) [y f ( y )  dy]2n-2dx 
2 -a -0 

'e 

The o v e r a l l  word e r r o r  p r o b a b i l i t y  is  now equal t o  t h e  
product  P P , and t h e  expected value of t h e  requi red  

t ransmiss ion  time is:  
el e2 

A(1 + P ) 
e1 

Also,  t h e  t r ansmi t t ed  energy i s  p ropor t iona l  to :  (1 + P ) .  
e, I 

The word e r r o r  p r o b a b i l i t i e s  P and P can be 
el e2 

considered t o  be func t ions  of n and p. For l a r g e  values  of 
n, i t  fol lows t h a t  

Therefore, the  o v e r a l l  e r r o r  probability i s  approximately 
equal  t o :  

Pe(2S) 

For sma l l e r  va lues  of  n, the above r e p r e s e n t s  an upper 
bound f o r  t h e  o v e r a l l  e r r o r  p r o b a b i l i t y .  
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OPTIMUM WORD LENGTH FOR MEMORYLESS FEEDBACK SYSTEM 

Consider t he  t ransmission of a t o t a l  of 0 b i t s  of 
information v i a  a Gaussianchannel u s ing  n - b i t  orthogonal 
codes, and assume the ex i s t ence  of a n o i s e l e s s  feedback 
channel which allows the t r a n s m i t t e r  t o  know what dec i s ion  
t h e  r e c e i v e r  has made about t h e  t r ansmi t t ed  word. It i s  
assumed t h a t  t h e  t r a n s m i t t e r  r e p e a t s  t ransmission of words 
t h a t  a r e  received i n  e r r o r  u n t i l  they  a r e  c o r r e c t l y  re- 
ceived and a l s o  t h a t  t h e  r e c e i v e r  examines only each new 
s i g n a l  of l e n g t h  n b i t s  i n  t h e  dec i s ion  process,  and 
d i s c a r d s  the previous ly  t r ansmi t t ed  s i g n a l  completely. 
(The r e s u l t  i s  e a s i l y  modif ied i f  s e q u e n t i a l  d e t e c t i o n  i s  
employed. See previous s e c t i o n . )  It is  a l s o  assumed t h a t  
some method e x i s t s  t o  allow t h e  t r a n s m i t t e r  t o  inform t h e  
r e c e i v e r  t o  accept  t h e  c o r r e c t l y  decoded message o r  r e j e c t  
t h e  i n c o r r e c t l y  decoded message. T h i s  may be done by us ing  
a s e p a r a t e  channel, o r  by d a t a  format, o r  by i n t e r l e a v i n g  
accept  o r  r e j e c t  s i g n a l s  between the  d a t a  words, provided 
these accep t  o r  r e j e c t  s i g n a l s  a r e  e s s e n t i a l l y  e r r o r f r e e .  

It is  of  i n t e r e s t  t o  know how t h e  l eng th  of t h e  code 
words a f f e c t s  the performance of such a system. Assume a 
t o t a l  of 8 b i t s  of da ta  t h a t  must be t r ansmi t t ed  wi th  no 
e r r o r s .  L e t  t h e  longes t  code word t o  be considered have 
l e n g t h  Nmax, and f o r  ease i n  comparing r e s u l t s  assume 

0 = (Nmax)! so  t h a t  0 is  d i v i s i b l e  by every i n t e g e r  j ,  

1 - < j - c Nmax. L e t  f3 = ST/No, the  r a t i o  of energy per  b i t  

t o  no i se  power s p e c t r a l  dens i ty ,  be f ixed .  That is, the 
t r ansmi t t ed  energy per  b i t  (whether accepted o r  r e j e c t e d )  
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and the channel no i se  var iance a re  f ixed .  The t o t a l  
energy requi red  t o  t ransmi t  without  e r r o r  t h e  0 b i t s  i s  

1 number of word l e n g t h  expected no. of t r a n s .  energy 
* t o t a l  = [ words [ in b i t s  [ t o  g e t  a word c o r r e c t ]  [pe r  b i t  

where E i s  the  expected value of the  number of t r i a l s  nec- 
e s s a r y  t o  t r ansmi t  each word c o r r e c t l y .  I f  the p r o b a b i l i t y  
of i n c o r r e c t l y  decoding a t r ansmi t t ed  word of l eng th  n is 
given  by Pe(n),  then the p r o b a b i l i t y  d e n s i t y  func t ion  of k 
is  g iven  by: 

k-1 f ( k )  = [Pe(n)]  [ l - P e ( n ) ] ,  k = 1, 2, ..., 
Therefore:  

o r  i f  Pe(n) << 1 then 

Upon examining a p l o t  of pe(n) versus  @ it is seen 
t h a t ,  i f  B > 1, then Pe(n) i s  a monotone decreas ing  func t ion  
of n f o r  f i x e d  f3, and Etotal w i l l  a l s o  decrease an n inc reases .  
On t h e  o t h e r  hand i f  p < 1 then Pe(n) and Etotal w i l l  
i n c r e a s e  wi th  n. Hence, f o r  B > 1 we should use t h e  longes t  
codes a v a i l a b l e ,  and f o r  f3 1 we should use t h e  s h o r t e s t  
codes a v a i l a b l e .  



13 

PERFORMANCE OF TRUNCATED MEMORYLESS FEEDBACK SYSTEM 

Consider the  performance of a memoryless system em- 
ploying an e r r o r f r e e  feedback channel when t h e  number of 
re t ransmiss ions  is  a r b i t r a r i l y  t runca ted .  Assume t h a t  t h e  
system i s  t r a n s m i t t i n g  a 10 -b i t  or thogonal  code. I f  f3 

remains f ixed  each time a word is  t ransmi t ted ,  s o  t h a t  the 

p r o b a b i l i t y  of an e r r o r  on each r ecep t ion  i s  fixed, and i f  
t h e  maximum number of t r i a l s  i s  G, then the  p r o b a b i l i t y  
t h a t  a word is no t  received c o r r e c t l y  a f t e r  t h e  % t r i a l s  is:  

The t o t a l  energy required,  on the average is 

%-I 
ST r P e ( l O )  1’ 

j=o 
and t runca ted  systems of t h i s  type may be compared wi th  
o t h e r s  by spec i fy ing  a f ixed  word e r r o r  p r o b a b i l i t y .  For 
example, if a 10-b i t  code word is t o  be received wi th  an 
e r r o r  p r o b a b i l i t y  of  then  a s e q u e n t i a l  memoryless 
system wi th  a t runca t ion  l eng th  of three t r i a l s  must have 
a word e r r o r  p r o b a b i l i t y  f o r  each t r i a l  of’ ?,(lo) 
(10-5) 113 0.022 which y i e l d s  f3 = ST/No 1.6. 
The average energy requi red  i s  

= 

1 . 6 ( N o )  (1 + .022 + (.022)2 + * . * )  H - 1.63(No). 

A non-sequent ia l  system wi th  t h e  same e r r o r  p r o b a b i l i t y  w i l l  
have p = 4 s o  t h a t  the s e q u e n t i a l  system w i t h  t runca t ion  
l eng th  of 3 and e r r o r  p r o b a b i l i t y  of i s  60 percent  
more e f f i c i e n t  from an energy s tandpoin t .  

Other s e q u e n t i a l  dec i s ion  techniques may be used. For 
example, cons ider  a memoryless t runca ted  scheme i n  which p 

8 
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i s  increased on subsequent t ransmissions.  Let  n = 10 
b i t s  and l e t  the  t runca t ion  l eng th  be t h r e e  t r i a l s ,  but  now 
assume t h e  t i m e  p e r  word is  doubled i n  each subsequent t r a n s -  
mission s o  t h a t  the times pe r  word a r e  To, 2To, and 4To. 
If ST /N = 1.8 i n i t i a l l y ,  then  t h e  p r o b a b i l i t i e s  of 
i n c o r r e c t l y  r ece iv ing  the  three or thogonal ly  coded words 
a r e  approximately 4 x and 3 x 10 . The t run -  
ca t ed  system w i l l  have an e r r o r  p r o b a b i l i t y  o f :  
10-2 4 10-5 3 10-8 = 12 10 -I5 and w i l l  use  an 
average energy of 

0 0  

-8 

(1.8 + 3.6 x t 7.2 x 4 x (No) 1.8(No) 

A s ing le - sho t  t r a n s m i t t e r - r e c e i v e r  op rea t ing  i n  t h e  same 
channel sending 10-b i t  orthogonal code words a t  t h e  same 
e r r o r  p r o b a b i l i t y  w i l l  need about 15 times the  energy per  
code word. Thus, it i s  c l e a r l y  ev ident  t h a t  s e q u e n t i a l  
systems employing e r r o r f r e e  feedback can provide very 
low e r r o r - p r o b a b i l i t i e s  while a t  t h e  same time minimizing 
s p a c e c r a f t  energy consumption. 

S u b s t a n t i a l  energy reduct ion  i s  p o s s i b l e  even i f  one 
uses  a one-b i t  word f o r  the accept  o r  r e j e c t  s i g n a l s  which 
a r e  i n t e r l e a v e d  w i t h  t he  n - b i t  code iiords. Frrr example, 
cons ider  a memoryless system sending 10-bi t  orthogonal code 
words and us ing  a one-bi t  accept  o r  r e j e c t  code. L e t  
P = P e ( l O )  be the p r o b a b i l i t y  of i n c o r r e c t l y  decoding a 
10-bit  word on each t r i a l ,  and l e t  Q = P e ( l )  be t h e  probab- 
i l i t y  of making an error  on the one-bi t  s i g n a l .  With a 
t r u n c a t i o n  l e n g t h  of two ( s o  t h a t  the one-bi t  message is  
s e n t  only once) t h e  o v e r a l l  p r o b a b i l i t y  of e r r o r  i s  

P (e r ro r )  = (1-p) QP + p2 ( l - ~ )  + PQ. 



L e t  T1 be t h e  time pe r  b i t  a l l o c a t e d  t o  the  code word and 
l e t  T2 be the time a l l o c a t e d  t o  the  accep t  o r  r e j e c t  b i t ,  

and assume the  average power is  equal  t o  S throughout. The 
average energy requi red  t o  t r ansmi t  t he  10-bi t  code word 
w i l l  be: 

CSTl (1 + P + Q - 2PQ) + ST2] S(T1 + T2) i f  P,Q << 1. 

For example, if P = 

then  f3, = ST1/No 2 0  
P ( e r r o r )  3 x while the  expected value of the  energy 
I s  23 ( N o ) .  A one-shot 10-b i t  orthogonal code system with 
t h e  same e r r o r  p r o b a b i l i t y  vvould have an average energy 
of  30 (No)  
i s  23 percent  more e f f i c i e n t  i n  Its use  of energy. For 
systems l i k e  t h i s  t he  energy a l l o c a t e d  t o  t h e  accept  o r  
r e j e c t  s i g n a l  must be kept small .  I f  not ,  the  non-sequential  
system w i l l  be be t te r .  For example, w i th  n = 10, P = 

Q = 10 , we s e e  t h a t  the expected value of energy is  
33 ( N o )  and P ( e r r o r )  whereas a non-sequential  
system wi th  P e ( l O )  = 10 

= P e ( l O )  and Q = = P e ( l ) ,  
5.2 and we s e e  1.8 and f3, = ST /N 

so  t h a t  t he  t runca ted  system i n  t h i s  example 

-4 

would r e q u i r e  only ST = 30 ( N o ) .  -4 
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